Introduction {#Sec1}
============

In this paper, we study the homogeneous Rayleigh--Stokes problem for a generalized second-grade fluid with a fractional derivative model. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \Omega $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T>0$$\end{document}$ be a fixed time. Then the mathematical model is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t u-(1+\gamma \partial _t^\alpha )\Delta u&= f,\ \ \hbox {in }\Omega ,\ \ 0<t\le T;\nonumber \\ u&= 0,\ \ \hbox {on }\partial \Omega , \ 0<t\le T;\\ u(\cdot ,0)&= v,\ \ \hbox {in }\Omega ,\nonumber \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma >0$$\end{document}$ is a fixed constant, $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t^\alpha $$\end{document}$ is the Riemann--Liouville fractional derivative of order $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in (0,1)$$\end{document}$ defined by \[[@CR11], [@CR24]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t^\alpha f(t)=\frac{d}{d t}\int _0^t \omega _{1-\alpha }(t-s)f(s)\,ds, \qquad \omega _\alpha (t)=\frac{t^{\alpha -1}}{\Gamma (\alpha )}. \end{aligned}$$\end{document}$$The Rayleigh--Stokes problem ([1.1](#Equ1){ref-type=""}) has received considerable attention in recent years. The fractional derivative $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _t^\alpha $$\end{document}$ in the model is used to capture the viscoelastic behavior of the flow; see e.g. \[[@CR5], [@CR28]\] for derivation details. The model ([1.1](#Equ1){ref-type=""}) plays an important role in describing the behavior of some non-Newtonian fluids.

In order to gain insights into the behavior of the solution of this model, there has been substantial interest in deriving a closed form solution for special cases; see, e.g. \[[@CR5], [@CR28], [@CR32]\]. For example, Shen et al. \[[@CR28]\] obtained the exact solution of the problem using the Fourier sine transform and fractional Laplace transform. Zhao and Yang \[[@CR32]\] derived exact solutions using the eigenfunction expansion on a rectangular domain for the case of homogeneous initial and boundary conditions. The solutions obtained in these studies are formal in nature, and especially the regularity of the solution has not been studied. In Sect. [2](#Sec2){ref-type="sec"} below, we fill this gap and establish the Sobolev regularity of the solution for both smooth and nonsmooth initial data. We would like to mention that Girault and Saadouni \[[@CR7]\] analyzed the existence and uniqueness of a weak solution of a closely related time-dependent grade-two fluid model.

The exact solutions obtained in these studies involve infinite series and special functions, e.g., generalized Mittag--Leffler functions, and thus are inconvenient for numerical evaluation. Further, closed-form solutions are available only for a restricted class of problem settings. Hence, it is imperative to develop efficient and optimally accurate numerical algorithms for problem ([1.1](#Equ1){ref-type=""}). This was considered earlier in \[[@CR1], [@CR2], [@CR12], [@CR21], [@CR31]\]. Chen et al. \[[@CR1]\] developed implicit and explicit schemes based on the finite difference method in space and the Grünwald--Letnikov discretization of the time fractional derivative, and analyzed their stability and convergence rates using the Fourier method. Of the same flavor is the work \[[@CR2]\], where a scheme based on Fourier series expansion was considered. Wu \[[@CR31]\] developed an implicit numerical approximation scheme by transforming problem ([1.1](#Equ1){ref-type=""}) into an integral equation, and showed its stability and convergence by an energy argument. Lin and Jiang \[[@CR12]\] described a method based on the reproducing kernel Hilbert space. Recently, Mohebbi et al. \[[@CR21]\] compared a compact finite difference method with the radial basis function method. In all these studies, however, the error estimates were obtained under the assumption that the solution to ([1.1](#Equ1){ref-type=""}) is sufficiently smooth and the domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ is a rectangle. Hence the interesting cases of nonsmooth data (the initial data or the right hand side) and general domains are not covered.

Theoretical studies on numerical methods for differential equations involving fractional derivatives have received considerable attention in the last decade. McLean and Mustapha \[[@CR18], [@CR22]\] analyzed piecewise constant and piecewise linear discontinuous Galerkin method in time, and derived error estimates for smooth initial data; see also \[[@CR23]\] for related superconvergence results. In \[[@CR8], [@CR10]\], a space semidiscrete Galerkin finite element method (FEM) and lumped mass method for problem $\documentclass[12pt]{minimal}
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                \begin{document}$$A$$\end{document}$ being an elliptic operator, and $\documentclass[12pt]{minimal}
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                \begin{document}$${^C\partial _t^\alpha }$$\end{document}$ being the Caputo derivative) has been analyzed. Almost optimal error estimates were established for initial data $\documentclass[12pt]{minimal}
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                \begin{document}$$v\in \dot{H}^{q}(\Omega ), -1\le q\le 2$$\end{document}$, (see Sect. [2](#Sec2){ref-type="sec"} below for the definition) by exploiting the properties of the two-parameter Mittag--Leffler function. Note that this includes weak (nonsmooth), $\documentclass[12pt]{minimal}
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                \begin{document}$$v\in \dot{H}^{-1}(\Omega )$$\end{document}$. In \[[@CR19], Section 4\], McLean and Thomée studied the following equation $\documentclass[12pt]{minimal}
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                \begin{document}$${\partial _t^{-\alpha }}$$\end{document}$ being Riemann--Liouville integral and derivative operator for $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in (-1,0)$$\end{document}$, respectively), and derived $\documentclass[12pt]{minimal}
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                \begin{document}$$f$$\end{document}$) and some fully discrete schemes based on Laplace transform were discussed. The corresponding $\documentclass[12pt]{minimal}
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                \begin{document}$$L^\infty (\Omega )$$\end{document}$ estimates for data $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$Av\in L^\infty (\Omega )$$\end{document}$ were derived in \[[@CR20]\]. Lubich et al. \[[@CR15]\] developed two fully discrete schemes for the problem $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\alpha <1$$\end{document}$ based on the convolution quadrature of the fractional derivative term, and derived optimal error estimates for nonsmooth initial data and right hand side. Cuesta et al. \[[@CR4]\] considered the semi-linear counterpart of the model with convolution quadrature, which covers also the fractional diffusion case, i.e., $\documentclass[12pt]{minimal}
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In this paper we develop a Galerkin FEM for problem ([1.1](#Equ1){ref-type=""}) and derive optimal with respect to data regularity error estimates for both smooth and nonsmooth initial data. The approximation is based on the finite element space $\documentclass[12pt]{minimal}
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                \begin{document}$$h$$\end{document}$ is the maximum diameter. The semidiscrete Galerkin FEM for problem ([1.1](#Equ1){ref-type=""}) is: find $\documentclass[12pt]{minimal}
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                \begin{document}$$a(u,w)=(\nabla u, \nabla w) \text { for }\ u, \, w\in H_0^1(\Omega )$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$v\in \dot{H}^{2}(\Omega )$$\end{document}$. Further, we develop two fully discrete schemes based on the backward Euler method and the second-order backward difference method and the related convolution quadrature for the fractional derivative term, which achieves respectively first and second-order accuracy in time. Error estimates optimal with respect to data regularity are provided for both semidiscrete and fully discrete schemes.

Our main contributions are as follows. First, in Theorem [2.1](#FPar3){ref-type="sec"}, using an operator approach from \[[@CR25]\], we develop the theoretical foundations for our study by establishing the smoothing property and decay behavior of the solution to problem ([1.1](#Equ1){ref-type=""}). Second, for both smooth initial data $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in \dot{H}^{2}(\Omega )$$\end{document}$ and nonsmooth initial data $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The rest of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we establish the Sobolev regularity of the solution. In Sect. [3](#Sec6){ref-type="sec"}, we analyze the space semidiscrete scheme, and derive optimal error estimates for both smooth and nonsmooth initial data. Then in Sect. [4](#Sec9){ref-type="sec"}, we develop two fully discrete schemes based on convolution quadrature approximation of the fractional derivative. Optimal error estimates are provided for both schemes. Finally in Sect. [5](#Sec15){ref-type="sec"}, numerical results for one- and two-dimensional examples are provided to illustrate the convergence theory. Throughout, the notation $\documentclass[12pt]{minimal}
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Regularity of the solution {#Sec2}
==========================

In this section, we establish the Sobolev regularity of the solution to ([1.1](#Equ1){ref-type=""}) in the homogeneous case $\documentclass[12pt]{minimal}
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                \begin{document}$$f\equiv 0$$\end{document}$. We first recall preliminaries on the elliptic operator and function spaces. Then we derive the proper solution representation, show the existence of a weak solution, and establish the Sobolev regularity of the solution to the homogeneous problem. The main tool is the operator theoretic approach developed in \[[@CR25]\]. Further, we give an alternative solution representation via eigenfunction expansion, and derive qualitative properties of the time-dependent components.

Preliminaries {#Sec3}
-------------

First we introduce some notation. For $\documentclass[12pt]{minimal}
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A priori estimates of the solution {#Sec4}
----------------------------------
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### *Proof* {#FPar4}
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### *Remark 2.1* {#FPar5}

We note that this argument is applicable to any sectorial operator $\documentclass[12pt]{minimal}
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Further, the estimates in Theorem [2.1](#FPar3){ref-type="sec"} imply the following result by interpolation.

### *Remark 2.2* {#FPar6}
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Further discussions on the behavior of the solution {#Sec5}
---------------------------------------------------
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### *Remark 2.3* {#FPar7}
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### **Theorem 2.2** {#FPar8}
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### *Proof* {#FPar9}
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Semidiscrete Galerkin finite element method {#Sec6}
===========================================

In this section we consider the space semidiscrete finite element approximation and derive optimal error estimates for the homogeneous problem.

Semidiscrete Galerkin scheme {#Sec7}
----------------------------
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### **Lemma 3.2** {#FPar12}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_h(t)$$\end{document}$ be defined by ([3.2](#Equ25){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_h \in X_h$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |||S_h^{(m)}(t)v_h |||_{\dot{H}^p(\Omega )} \le ct^{-m-(1-\alpha )(p-q)/2}|||v_h |||_{\dot{H}^q(\Omega )}, \quad \forall 0<t\le T, \end{aligned}$$\end{document}$$where for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le q\le p \le 2$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m>0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le p , ~~q\le 2$$\end{document}$.

Now we derive error estimates for the semidiscrete Galerkin scheme ([3.2](#Equ25){ref-type=""}) using an operator trick, following the interesting work of Fujita and Suzuki \[[@CR6]\]. We note that similar estimates follow also from the technique in \[[@CR10]\], but at the expense of an additional logarithmic factor $\documentclass[12pt]{minimal}
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The following lemma plays a key role in deriving error estimates.
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Error estimates for the semidiscrete scheme {#Sec8}
-------------------------------------------

Now we can state the error estimate for the nonsmooth initial data $\documentclass[12pt]{minimal}
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### *Proof* {#FPar20}
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### *Remark 3.2* {#FPar22}
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Fully discrete schemes {#Sec9}
======================

Now we develop two fully discrete schemes for problem ([1.1](#Equ1){ref-type=""}) based on convolution quadrature (see \[[@CR4], [@CR13]--[@CR15]\] for detailed discussions), and derive optimal error estimates for both smooth and nonsmooth initial data.

Convolution quadrature {#Sec10}
----------------------
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### The backward Euler (BE) method {#Sec11}
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#### *Remark 4.1* {#FPar23}
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### The second-order backward difference (SBD) method {#Sec12}
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The error analysis of the fully discrete schemes ([4.3](#Equ38){ref-type=""}) and ([4.5](#Equ40){ref-type=""}) for the case $\documentclass[12pt]{minimal}
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Error analysis of the backward Euler method {#Sec13}
-------------------------------------------
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### **Lemma 4.1** {#FPar24}
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Now we can state the error estimate for nonsmooth initial data $\documentclass[12pt]{minimal}
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### **Lemma 4.2** {#FPar25}
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### *Proof* {#FPar26}

By ([2.2](#Equ4){ref-type=""}) and the identity $\documentclass[12pt]{minimal}
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Next we turn to smooth initial data, i.e., $\documentclass[12pt]{minimal}
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### **Lemma 4.3** {#FPar27}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_h$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_h^n$$\end{document}$ be the solutions of problem ([3.2](#Equ25){ref-type=""}) and ([4.3](#Equ38){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in \dot{H}^{2}(\Omega ), U_h^0= v_h=R_hv$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\equiv 0$$\end{document}$, respectively. Then there holds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u_h(t_n)-U_h^n \Vert _{L^2(\Omega )} \le c \tau t_n^{-\alpha } \Vert Av \Vert _{L^2(\Omega )}. \end{aligned}$$\end{document}$$

### *Proof* {#FPar28}
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### *Remark 4.2* {#FPar29}

By Lemma [4.3](#FPar27){ref-type="sec"}, the error estimate exhibits a singular behavior of order $\documentclass[12pt]{minimal}
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Now we can state error estimates for the fully discrete scheme ([4.3](#Equ38){ref-type=""}) with smooth and nonsmooth initial data, by the triangle inequality, Theorems [3.1](#FPar17){ref-type="sec"} and [3.2](#FPar19){ref-type="sec"}, Lemmas [4.2](#FPar25){ref-type="sec"} and [4.3](#FPar27){ref-type="sec"}, respectively for the nonsmooth and smooth initial data.
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### *Remark 4.3* {#FPar31}
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### *Remark 4.4* {#FPar32}

In case of very weak initial data, i.e., $\documentclass[12pt]{minimal}
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Error analysis of the second-order backward difference method {#Sec14}
-------------------------------------------------------------
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### **Lemma 4.4** {#FPar33}
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Now we can state the error estimate for nonsmooth initial data $\documentclass[12pt]{minimal}
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### **Lemma 4.5** {#FPar34}
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### *Proof* {#FPar35}

By ([2.2](#Equ4){ref-type=""}) and the identity$$\documentclass[12pt]{minimal}
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Next we turn to smooth initial data $\documentclass[12pt]{minimal}
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### **Lemma 4.6** {#FPar36}
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### *Proof* {#FPar37}
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Then we have the following error estimates for the fully discrete scheme ([4.5](#Equ40){ref-type=""}).

### **Theorem 4.2** {#FPar38}
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### *Remark 4.5* {#FPar39}
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### *Remark 4.6* {#FPar40}
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Numerical results {#Sec15}
=================
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Numerical results for example (a) {#Sec16}
---------------------------------
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Numerical results for example (b) {#Sec17}
---------------------------------

In Tables [3](#Tab3){ref-type="table"} and [4](#Tab4){ref-type="table"} we present the results for example (b). The temporal convergence rate is $\documentclass[12pt]{minimal}
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Numerical results for example (d) {#Sec19}
---------------------------------

Here we consider a two-dimensional example on the unit square $\documentclass[12pt]{minimal}
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Concluding remarks {#Sec20}
==================

In this work, we have studied the homogeneous problem for the Rayleigh--Stokes equation in a second grade generalized flow. The Sobolev regularity of the solution was established using an operator theoretic approach. A space semidiscrete scheme based on the Galerkin finite element method and two fully discrete schemes based on the backward Euler method and second-order backward difference method and related convolution quadrature were developed and optimal with respect to the data regularity error estimates were provided for both semidiscrete and fully discrete schemes. Extensive numerical experiments fully confirm the sharpness of our convergence analysis.
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